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Bond Energy of Graph

Sadaqat Ali

Abstract— In this paper, we introduce the bond matrix and bond spectrum of a simple connected graphG . Then we
establish the bond energy of G .Then we analyze the bond energy EM ¢, (G)of a simple connected graph and establish

upper and lower bounds. In this paper we analyze bond energy for some standard family of graphs which include complete
graphs, family of regular graphs, cycle graphs star graphs and some special graphs. Then we present the bounds of bond

energy of a graph.

Index Terms— Bond matrix, Bond spectrum of a graph, Bond energy of a graph, Bounds for bound energy.

1 INTRODUCTION

In this paper, let G = (V,E) be a simple graph i.e. G contains
no loops, multiple and directed edges.Conventionally we de-
note the number of vertices by n=)| and number of edges by
m = |E| of a connected graph G . For any vertex v; inG, sup-

pose 5(vi ) and A(v;) is the minimum and maximum degree of

a graph G . In this article, a graph is said to be a k — regular if
degree of each vertex v in G, thatis d(v)=k . For simplicity,
let K,,C, and K, be the complete, cyclic and bipertite
graphs. For nomenclature of different terminology we refer to
readers to see books [1, 2].

The idea of a graph is introduced by I. Gutman [3]. For any
graph G = (V,E), where |V |=n is vertices and |E |=m is edges
of G . Let A(G) be the adjacency matrix A(G)=[a;] of G such

that
1
a.: =
ij 0

wherev; and v are ith and jth vertices of G . Let 4,4,,..,4, be

if v, and v, areadjacent
otherwise

the eigenvalues of adjacency matrix A(G). Furthermore as-
sume that these eigenvalues are non-increasing order and dis-
tinct for some I<n such that <4 ,<---<A,<4. Let
m;,m,,...m, be the multiplicity of A,,4,,---,4, respectively.
Then the spectrum of graph G is defined as:
Spec(G) = (ll foo A ]
mI m2 cee m|

Since the A(G) is real symmetric matrix with zero trace, so
the eigenvalues of G are reals and sum of all eigenvalues of
G zero.

For a given graph G with n vertices the energy of a graph is
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defined, denoted E(G), by

E(G):zn:ui .
i=1

As we know that the energy of a graph is independent of isolat-
ed vertices implying, in particularly m>n/2. The idea of graph
energy originate from in chemistry, for some numerical quanti-
ties like heat of formation of a hydrogen, are related to to-
tal 7 — electron energy which construct by energy of an appro-
priate molecular graph as in [4].

To introduce the bond energy, we define some basic parameters
such as walk and trail. A walk is a sequence of alternating verti-
ces and edges such as v,,m;,v,,m,,...,m.,v, for each edge
My, M,,...,m, . The length of this walk isk . A trail is a walk with
no repeated edges. This means that we can repeat a vertex to get
different number of trails.

2 BOND MATRIX AND BOND ENERGY

Consider a simple connected graph G of ordern.
LetV ={v,,V,,...,v, } be the vertex set and E ={m;,m,,...,m,}

be the edge set in graph G .The maximum number of edge-
disjoint trails from a vertex v; to v; in graph G =(V,E) is de-

noted by Q; . Since each such trail must contain an edge from
every v; —V; edge separating set. Note that in such edge sepa-

rating set, there is no even a single edge is repeated. The bond
matrix Mg, (G)=[M j] of a graph G is defined as:

{QIJ
My =14

where Q;; is the maximum number of edge-disjoint trails from

if there exists trail betweenv; andv;
otherwise

v; to v;. Bond matrix provides the importance of the connec-

tivity of a vertex to the other vertex. In particularly, the entries
in bond matrix show the strength of two vertices. It plays an
important role in chemistry that is how much two atoms or
molecules are bounds. Similarly we can extract this idea into
real life problems like a person is attached to how many others
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people by some refrence people. The characteristics polynomi-  P(G,,4) =det(Al - Mg (G,))

al of bond matrix Mg, (G) is defined by 1-1 -2 -2 _2 _1 -2
-2 1-1 -2 -2 -1 -2
-2 -2 2-1 -3 -1 -2
-2 -2 -3 21-1 -1 -2
-1 -1 -1 -1 2 -1
-2 -2 -2 -2 -1 2-1

P(G, A) = det(Al — Mg (G)),

where | is the identity matrix with dimension (nxn). Since
the bond matrix Mg (G) is real and symmetric with zero

trace, so its eigenvalue are real and the sum of its eigenvalues

is equal to zero. Assume that the eigenvalues are in non- =2°-52° —402" -814° - 714> - 281 -4
increasing order 4, > A, >.---2 4, . Thus the spectrum of graph =(A+1)2(A+2)(1*-942 -91+2)
is Then the bond spectrum of G, is
A A, e A
M .. Spec(G) = n 9.9269 -0.3480 -0.5788 -1 -2
=0 Spec(©) [ml m; - an MEDSpeC(Gl):[ 1 1 1 2 1

The bound energy of a graph is the sum of absolute eigenval-

! . Therefore the bond energy of G, is
ues of bond matrix M;(G) of a graph G .Then we can define

bond energy as follows: EM . (G,) =14.85.

n
EM G)= Ai|. . .
eo (G) gl i 2.2 A motivation example

Now we analyze bond energy by some examples given below. Consider a graph G, as shown in Figure.2

2.1 A motivation example Vi V;

Consider a graph G with vertices a,b,c,d,e, f as shown
in Figure.1.

a b
]
&
V4. Vs
f Figure.2: G,
c
d The bound matrix of G, is given as:
1 2 32
Figure.1: G, G,) = 2122
P 3212
The bound ix of G, 1is gi 222
e bound matrix of G, Is g_lven as: _ The characteristics polynomial of Mg, (G,) is
te2zz2 itz P(G;,2) =det(l M g5 (Gy))
121310
Mg (Gy) = s 2311 2 -2 A-1 -2 =2
111101 | 2 At
-2 -2 -2 A-
22221 1] A'—43° -23)% -261-8
The characteristics polynomial of Mg, (G,) is - B B B
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= (A +2)(A+1)(A* -51-10)

Then the bond spectrum of G, is

7+465 7-465 L )
M gp Spec(G,) = 2 2 T
1 1 1 1

Therefore the bond energy of G, is

EM ¢ (G,) =11.06.

3 BOND ENERGY OF SOME STANDARD GRAPHS

In this section we illustrate some well-known families
of graphs and find their exact bond matrices and bond ener-
gies.

Theorem 3.1 Let K, be a star graph of order n>3 then the bond
energy of star graph is

EMgp (Kyng)=n.

Proof. Suppose that K, be a star graph and let Mgy (K;,) be

the bond matrix of K.

01111 11
10111 11
11011 11
11101 11

Meo(Kind =l 1 4 1 g 11
11111201
1 11

The characteristic polynomial of Mg, (K, ) is

A -1 -1 -1 -1 - -1 -1
1 4 -1 -1 -1 - -1 -1
1 -1 4 -1 -1 - -1 -1
1 -1 -1 2 -1 - -1 -1
e L S S|
1 -1 -1 -1 -1 - A -1
1 -1 -1 -1 -1 -« -1 2

=(A-1n-1)(A+n"*

Hence, the bond spectrum of K, is

n-1 -1
M gp Spec(K, ) = 1 n-1

Therefore the bond energy of star K, , is
EMegp (Kyp)=n.

Remark: The bond energy of a star is the order of size of star
graph.

Theorem 3.2 Let C |, be a cycle graph of order n forn > 3. Then the
bond energy of cycle graph C,, is

EM,(C,)=n.
Proof. Consider a cycle graph C, with vertex setV,,v,,...,V ,
forn > 3. Then the bond matrix is defined as:

12222 2 2
21222 2 2
22122 2 2
22212 2 2

MaC=ly 5 5 5 4 2 2

2 22 2 2 -1
222 2 2 .- 21

The characteristic polynomial of cycle graph is

A-1 -2 -2 -2 =2 -2 =2
-2 A-1 -2 -2 =2 -2 =2
-2 -2 A =2 =2 -2 =2
-2 -2 -2 A-1 =2 -2 =2
P(C,,4) =
-2 -2 -2 -2 i-1 -2 =2
-2 -2 -2 -2 =2 A-1 =2
-2 -2 -2 -2 =2 -2 A-1
=(A-2(n-1)(4 +2)*"P
Hence, the bond spectrum is
2(n-1) -2
Mg Spec(C,) =
epSPec(C,) ( 1 n_J
Therefore, the bond energy of cycle graph is
EM,(C,)=2n a]

Remark: The bond energy of cycle graph is order of cycle.
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Theorem 3.3 Let A, be an antiprism graphs for n=2rand r>3.
Then the bond energy of antiprism graph

EMep (A) =4n.
Proof. Let A, be a antiprism graph of order n such that n=2r
for r > 3. Then the bond matrix is

MED(Ar) =

bk A B BN
b A B DN D
b AN B~ D
AN A B Db
H S R e
ch A B B~ D

A DB B D

SN
SN
SN
SN
IS
ESN

The characteristic polynomial is

-2 4 4 4 4 4 4
4 1-2 4 4 4 4 4
4 4 1-2 4 4 4 4

P(A )= 4 4 4 A-2 4 4 4
4 4 4 4 A1-2 4 4
4 4 4 4 4 A-2 4
4 4 4 4 4 . 4 Q-2

=(A-2(4r-1))(A+2)>*

The bond spectrum of antiprism graph is

1 2r-1

Since N=2rand therefore the bond energy of antiprism
graph A, is

[2(4r—1) -2 ]
M gp Spec(A,) =

EMED(Ar)=8F=4n ]

Theorem 3.4 Suppose K, be a complete graph with n>2. The
bond energy of complte graph is

EMgp(K,) =n*-n.
Proof. Let K be a complete graph of odernsuch that n>2.
Then the bond matrix is given as:

f n-1 n-1 n-1 n-1 n-1 n-1
n-1 f n-1 n-1 n-1 n-1 n-1
n-1 n-1 n-1 n-1 n-1 n-1
Moo (K.) = n-1 n-1 n- f n-1 n-1 n-1
n-1 n-1 n-1 n-1 f n-1 n-1
n-1 n-1 n- -1 n- f n-1
n-1 n-1 n-1 n-1 n- n-1 f

P(K,,2)
i-t —(-1) -(-1) -(0-1) -(n-2) - -(n-1) —(n-1
~(n-1) 2-f -(-1) -(n-1) -(-2) - -(n-1) —(n-1
~(-1) -(-2) a-f -(-1) -(n-1) -~ -(n-1) —(n-1
-1 ~(-1) -(-2) 2-f -(-1) ~ -(-1) (-1
—(n.—l) ~(n-1) —(n‘—l) —(n.—l) A-f —(n'—l) —(n'—l
0-1) ~(1-1) ~(a-1) ~(1-1) ~(@-1) ~ A~ —(r-1
~-(n-1) -(-1) -(n-1) -(h-2) -(n-12) - -(n-1) A-f
=(A-((n-n-d)Ya-d)"*
where the f and d is defined as:
n3 if nisodd
fo) 2
n-2 if niseven
2
n if niseven
_J2
=2 it nisodd
The bond spectrum of complete graph K, is
M g Spec(K,) = (nz —1n -d n_—dJ

Therefore, the bond energy of complete graph is

EM(K,)=n’-n. u!

4 BOND ENERGY FOR SOME SPECIAL GRAPHS
4.1 Wagner graph [5]

Consider a Wagner graph M, with vertex set

Vy,V,,...,Vg. The bond matrix is defined as
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133333333 A-2 -4 -4 -4 -4 -4 -4
3133332333 -4 A1-2 -4 -4 -4 -4 -4
33133333 -4 -4 A-2 -4 -4 By -
Moo (M,) = 333133333 P(Byy, 1) = -4 -4 -4 A1-2 -4 -4 -4
3333132333 -4 -4 -4 -4 41-2 -4 -4
333331333 : : : : : : :
33333313 -4 -4 -4 -4 -4 A-2 -4
33333331, -4 -4 -4 -4 -4 -4 A1-2
= (1 -46)1+2)"
The characteristic polynomial of bond matrix M ¢, (Mg) is
The bond spectrum of Wagner graph is
Ai-1 -3 -3 -3 -3 -3 -3 -3
-3 1-1 -3 -3 -3 -3 -3 -3 46 -2
-3 -3 4i-1 -3 -3 -3 -3 -3 MEDSpeC(B“):(l 11)
P(M,,2) = -3 -3 -3 4A-1 -3 -3 -3 -3| Thebond energy of Wagner graph is
-3 -3 -3 -3 2-1 -3 -3 -3
-3 -3 -3 -3 -3 21-1 -3 -3 EMeo (By,) = 48.
-3 -3 -3 -3 -3 -3 A-1 -3 43Petersen graph
-3 -3 -3 -8 -8 -3 -3 J-} Consider a petersen graph P,with vertex

=(1-22)1+2) setV;,V,,...,Vyo . The Petersen graph is a regular in which the

degree of every vertex is three. The bond matrix is defined as
The bond spectrum of Wagner graph is

13333 3 3
22 -2
MEDSpeC(MB):[ J 31333.. 33
L 7 33133:..33
) Moo (Po) = 33313 3 3
The bond energy of Wagner graph is olf0)=1a 2 3 31 3 3
EM,(Mg)=24. B
e 33333:.-13
4.2 Chvatal graph 33333 31

10x10

Let B, be a Chvatal graph with verticesv,,V,,...,V;,. Thebond  The characteristic polynomial of bond matrix M o (Pp) is
matrix is

2 4 4 4 4 4 4 i-1 -3 -3 -3 -3 -3 -3 -3
4.2 4 4 4 4 4 -3 4-1 -3 -3 -3 -3 -3 -3

4 4 2 4 4 4 4 -3 -3 42-1 -3 -3 -3 -3 -3
MED(Blz):j j j j g j j P(Py,4) = DD S A S
-3 -3 -3 -3 21-1 -3 -3 -3

Do Do _3 _3 -3 -3 -3 A-1 -3 -3

4 4 4 4 -3 -3 -3 -3 -3 -3 A-1 -3

4 4 4 4 4 2) 10 -3 -3 -3 -3 -3 -3 -3 i-1

_ _ 7
The characteristic polynomial of bond matrix M ¢ (B,,) is =(1-22)2+2)

The bond spectrum of petersen graph P, is

7}

22
M gpSpec(Py) = 1
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The bond energy of petersen graph P, is

EMp (Pyp) =24.

5 BOUNDS FOR BOND ENERGY

In this section we demonstrate the bounds for bond energy
of a graph G . The bounds splits into two form an upper bound
and lower bound which is established in following theorems.

Theorem 5.1 Let G be a simple r — reqular graph of order n . Then

0<EM (G)<nr

Proof. Let G be a r—regular graph. If r =0 then the graph G
contains no edge, so there is no trail to move on. Then the
bond matrix becomes actually a null matrix 0. Then the eigen-
values of such null matrix are all equal to zero. Therefore,
EM(G) =0. Since the bond energy is the sum of absolute of
eigenvalues of bond matrix. Thus bond energy is non-
negative. Hence,
EM,(G)>0.

Assume that we have a r—regular graph G of degreer. Let
n be the order of graph with vertices v;,v,,...,v, .Then the de-
gree of all vertices are r ie. d;=d, =---=d, =r, where d; is
the degree of vetex v;. Then the all non-zeros of bond matrix
are r with multiplicity n. Therefore, the bond energy of r-
regular graph is, EMg,(G) <nr. The EM,(G) =nr, equality
holds if we add all missing edges in regular graph until the
there is no capicty to add more edges in graph G . Therefore,

0<EM(G)<nr. m

6 CONCLUSION

In this article, we established a new matrix of a simple con-
nected graph G known as bond matrix Mg, (G) and calculate

its energy named as bound energy of a graphG . The bond
matrix depends on the connectitvity of a graph. To motivate
the concept we give its some numerical example. Some of the
properties like bond matrix and energy of complete graph,
bipartite graph, star graph and cycle graph are discussed. The
upper and lower bounds of bond matrix are obtained. This is
true, if way say there are many applications of bonds matrix in
graph theory, electrical engineering mathematical algebra as
well as in other areas.

Open Problems
1- Find bond matrix and bond energy of some other
family of graphs.
2-  Find other bounds for the bond energy of a connected
graph.
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